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For the scattering of plane electromagnetic waves by a general possibly anisotropic station- 
ary linear medium in three dimensions, we gi v e a condition on the permittivity and perme- 
ability tensors of the medium under which the first Born approximation yields the exact 
expression for the scattered wave whenever the incident wavenumber k does not exceed a 

preassigned value α. We also show that under this condition the medium is omnidirection- 
ally in visible f or k ≤ α/2, i.e. it displa ys broadband in visibility regardless of the polarization 

of the incident wave. 
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1. Introduction 

Since its inception in 1926 [ 1 ], the Born approximation [ 2–4 ] has been the principal approxima-
tion scheme for performing scattering calculations [ 5–13 ]. Yet the search for scattering systems
for which the Born approximation is exact did not succeed until 2019 when the first exam-
ples of complex potentials possessing this property could be constructed within the context of 
potential scattering of scalar waves in two dimensions [ 14 ]. The key ingredient leading to the
discovery of these potentials is a recently proposed d ynamical formula tion of sta tionary sca t-
tering [ 15–17 ]. The purpose of the present article is to employ the d ynamical formula tion of 
electromagnetic scattering de v eloped in Ref. [ 18 ] to address the prob lem of the e xactness of the
first Born approximation in electromagnetic scattering. 

Consider the scattering of plane electromagnetic waves by a general stationary linear medium.
The electric field E of the wave, which together with its magnetic field H satisfy Maxwell’s equa-
tions, admits the asymptotic expression: E (r , t) = E i (r , t) + E s (r , t) for r → ∞ , where E i and
E s ar e r especti v ely the electric fields of the incident and scattered waves, r is the position of the
detector observing the wave, and r := | r | . These fields have the form [ 4 , 7 ]: 

E i (r , t) = E 0 e i(k i ·r −ωt) e i , (1) 

E s (r , t) = 

E 0 e i (kr −i ωt) 

r 
F (k s , k i ) , (2) 

where E 0 is a complex amplitude; k i , ω, and e i ar e r especti v ely the wav e v ector, angular fre-
quency, and polarization vector of the incident wave; k := ω/ c = | k i | is the wavenumber; F is a
vector-valued function; k := k ̂

 r ; and 

ˆ r := r −1 r . 
s 
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The electric field of the scattered wave turns out to admit a perturbati v e series expansion
known as the Born series [ 2 , 4 , 7 ]. We can express it as 

E s ( r , t) = 

E 0 e i (kr −i ωt) 

r 

∞ ∑ 

n =1 

F n ( k s , k i ) , (3) 

wher e F n ar e v ector-valued functions [ 19 ]. The N -th or der Born approximation amounts to
neglecting all but the first N terms of the series in Eq. ( 3 ). 

To re v eal the perturbati v e nature of the Born series, we introduce: ηε (r ) := ˆ ε (r ) − I and
ημ(r ) := ˆ μ(r ) − I , where ˆ ε and ˆ μ are respecti v ely the relati v e permitti vity and permeability ten-
sors 1 of the medium, and I is the 3 × 3 identity matrix. Let ς be a positi v e real number. Then
under the scaling transformation, 

ηε (r ) → ς ηε (r ) , ημ(r ) → ς ημ(r ) , (4) 

the vector-valued functions F n , which determine the terms of the Born series ( 3 ), transform as 2 

F n (k s , k i ) → ς 

n F n (k s , k i ) . (5) 

Because ηε (r ) and ημ(r ) quantify the scattering properties of the medium, the transformations
( 4 ) with ς < 1 correspond to a medium with a weaker scattering response. This in turn shows
that for such a medium, | F n ( k s , k i ) | becomes increasingly small as n grows, and terminating
the Born series yields a reliable approximation. The principal example is the first Born ap-
pro ximation, which inv olves neglecting all but the first term of the Born series [ 2 , 4 , 7 ]. This
approximation is exact if 

F n (k s , k i ) = 0 for n ≥ 2 , (6) 

equivalently 

E s ( r , t) = 

E 0 e i (kr −i ωt) 

r 
F 1 ( k s , k i ) . (7) 

We can also express this condition in terms of the scaling rule ( 5 ); we state it as a theorem for
later r efer ence. 

Theorem 1. The first Born appr o ximation is exact if and only if under the scaling transformation
( 4 ), the electric field of the scattered wave transforms as E s → ς E s . 

Gi v en the difficulties associated with finding explicit formulas for F n ( k s , k i ) and the fact that
Eq. ( 6 ) corresponds to an infinite system of complicated integral equations (constraints) for ˆ ε
and ˆ μ, it is practically impossible to use Eq. ( 6 ) for the purpose of determining the permittiv-
ity and permeability profiles for which the first Born approximation is exact. 3 This is the main
reason why identifying the explicit conditions for the exactness of the first Born approximation
has been an open problem for close to a century. 4 Motivated by our results on the scattering of 
scalar waves [ 14 ], we pursue a different route toward a solution of this problem. This is based
1 Recall that ˆ ε := ε −1 
0 ε and ˆ μ := μ−1 

0 μ, ε and μ denote the permittivity and permeability tensors, re- 
specti v ely, and ε 0 and μ0 are the permittivity and permeability of the vacuum, respecti v ely. 

2 This follows from the r ecurr ence r elation for F n which has its root in the structure of the electromag- 
netic Lippmann–Schwinger equation [ 19 ]. 

3 The transv erse v ector nature of the electromagnetic wav es and the tensorial natur e of the corr espond- 
ing interaction potentials ηε and ημ make this a considerably more elaborate task than addressing the 
same problem for scalar waves. 

4 There have been extensive studies of the Born series and its convergence properties in quantum scat- 
tering theory of scalar waves [ 20–25 ] as well as the scattering theory of electromagnetic waves [ 19 ]. None 
of these, howe v er, provide conditions for the truncation of this series. 
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Fig. 1. Schematic view of scattering setup where the source of the incident wave lies on the plane z = −∞ . 
The r egion color ed in pink r epr esents the scatter er that is confined between the planes z = a ±. k i , E i , and 

H i ar e r especti v ely the wav e v ector, the electric field, and the magnetic field of the incident wave, while 
k s , E s , and H s are respecti v ely the wav e v ector, the electric field, and the magnetic field of the scattered 

wave detected by a detector placed on the plane z = + ∞ . 
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on a dynamical formulation of the stationary electromagnetic scattering [ 18 ] whose main in-
gredient is the notion of a fundamental transfer matrix. This is a linear operator acting in an
infinite-dimensional function space that similarly to the traditional numerical transfer matri-
ces [ 26–32 ] stores the information about the scattering properties of the medium but unlike the
latter allows for analytic calculations. In this article, we use the fundamental transfer matrix to
obtain a sufficient condition for the exactness of the first Born approximation in electromag-
netic scattering. 

The outline of this article is as follows. In Sect. 2 we present our main results as well as specific
examples of scattering media for which the first Born approximation is exact. In Sect. 3 we
offer a concise re vie w of the d ynamical formula tion of sta tionary electromagnetic sca ttering.
In Sect. 4 , we discuss the application of this formulation in addressing the problem of finding
conditions for the exactness of the first Born approximation. In Sect. 5 , we present a summary
of our findings and our concluding remarks. 

2. Main results 
We begin our analysis by considering the scattering setup where the source of the incident wave
and the detectors detecting the scattered wave are, without loss of generality, placed on the
planes z = ±∞ in a Cartesian coordinate system with coordinates x , y , and z , as depicted in
Fig. 1 . We also suppose that the space outside the region bounded by a pair of normal planes
to the z axis is empty, i.e. there is an interval ( a −, a + 

) on the z axis such that 

ηε (x, y, z ) = ημ(x, y, z ) = 0 for z / ∈ (a −, a + 

) . (8) 

Furthermore, we assume that the Fourier transform of all functions of real variables that enter
our analysis exists. 

Throughout this article we employ the following notations: 

� For each vector v ∈ R 

3 , v x , v y , and v z label the x , y , and z components of v , and 

� v stands for
( v x , v y ) so that v = ( � v , v z ) . In particular, � r := (x, y ) and r = ( � r , z ) . 
3/14 
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� Gi v en a scalar, vector-valued, or matrix-valued function g of r , we use ˜ g ( � p , z ) to denote the
2D Fourier transform of g( � r , z ) with respect to 

� r , i.e. 

˜ g ( � p , z ) := 

∫ 

R 

2 
d 

2 r e −i � p ·� r g( � r , z ) = 

∫ ∞ 

−∞ 

d x 

∫ ∞ 

−∞ 

d y e −i(xp x + yp y ) g(x, y, z ) , (9) 

where � p := (p x , p y ) . For example, ˜ ηε and ˜ ημ are respecti v ely the 2D Fourier transforms of 
ηε and ημ with respect to 

� r . 
� We use ˆ ε i j and ˆ μi j to mark the entries of ˆ ε and ˆ μ, respectively. 

The following is the main result of this article which we prove in Sect. 4 . 

Theorem 2. Consider the electromagnetic scattering pr ob lem for a time-harmonic plane wave
propagating in a stationary linear medium with relative permittivity and permeability, ˆ ε and ˆ μ.
Suppose that ηε := ˆ ε − I and ημ := ˆ μ − I satisfy Eq. ( 8 ) for some a ± ∈ R with a − < a + 

and that
the following conditions hold. 

(1) ˆ ε 33 and ˆ μ33 are bounded functions whose real part has a positive lower bound, i.e. there are
r eal number s m and M suc h that f or all r ∈ R 

3 , 

0 < m ≤ Re [ ̂  ε 33 (r )] ≤ | ̂  ε 33 (r ) | ≤ M, 0 < m ≤ Re [ ̂  μ33 (r )] ≤ | ̂  μ33 (r ) | ≤ M, (10) 

w her e “Re ” stands for the real part of its argument. 
(2) Ther e ar e a positive r eal number α and a unit vector � e l ying on the x-y plane suc h that 

˜ ηε ( � p , z ) = ˜ ημ( � p , z ) = 0 for � p · � e ≤ α. (11) 

Then the first Born approximation provides the exact solution of the scattering pr ob lem, if the
wavenumber k for the incident wave does not exceed α, i.e. k ≤ α. Moreover, the medium does not
scatter the incident waves with wavenumber k ≤ α/ 2 , i.e. it displays broadband invisibility in the
wavenumber spectrum (0 , α/ 2] . 

Notice that Condition 1 of this theorem holds for all nonexotic isotropic media. We can also
satisfy it for realistic anisotropic media by an appropriate choice of the z axis. Furthermore, if 
Condition 2 holds, we can perform a rotation about the z axis to align 

� e and the x axis, in which
case Eq. ( 11 ) takes the form 

˜ ηε (p x , p y , z ) = ˜ ημ(p x , p y , z ) = 0 for p x ≤ α. (12) 

Since such a rotation will not affect the 2D Fourier transform of a function with respect to x
and y , Condition 2 is equivalent to Eq. ( 12 ). 

To provide concrete examples of linear media satisfying Eq. ( 12 ), we confine our attention to
nonmagnetic isotropic media, where ˆ μ = I , ˆ ε = ˆ ε (r ) I , and ˆ ε is the scalar relati v e permitti vity.
Then ημ = 0 and ηε = ηε (r ) I , where ηε = ˆ ε − 1 , and Eq. ( 12 ) reduces to ˜ ηε (p x , p y , z ) = 0 for p x 

≤ α. We can identify this with the condition that the Fourier transform of e −i αx ηε ( x , y , z ) with
respect to x vanishes on the negati v e p x axis. 5 This means that there is a function u : R 

3 → C
such that 6 

ˆ ε (x, y, z ) = 1 + e iαx 
∫ ∞ 

d K e i K x u( K , y, z ) . (13) 

0 

5 In one dimension, scattering potentials with this property are known to be unidirectionally invisible 
for all wavenumbers [ 33–36 ]. 

6 To ensure the existence of the 2D Fourier transform of ˆ ε − 1 with respect to 

� r , we can r equir e that ∫ ∞ 

0 d K 

∫ ∞ 

−∞ 

dy | u( K , y, z ) | 2 < ∞ for all z ∈ R . 

4/14 
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A class of possible choices for u, which allow for the analytic evaluation of the integral in Eq.
( 13 ), is gi v en by 

u( K , y, z ) = 

a 

m ! 
( a K ) m e −a K f( y, z ) , (14) 

where a is a positi v e real parameter, m is a positi v e integer, and f : R 

2 → C is a function. 7 

Substituting Eq. ( 14 ) into Eq. ( 13 ), we find 

ˆ ε (x, y, z ) = 1 + 

e iαx f(y, z ) (
1 − ix 

a 

)m +1 . (15) 

It is easy to show that Eq. ( 15 ) satisfies the first relation in Eq. ( 10 ), if there is a real number b
such that 8 

| f(y, z ) | ≤ b < 1 for all (y, z ) ∈ R 

2 . (16) 

Suppose that this condition holds. Then according to Theorem 2, the first Born approximation
provides the exact solution of the scattering problem for the permittivity profile ( 15 ), if the
incident wave has a wavenumber k not greater than α. Furthermore, the medium is invisible if 
k ≤ α/2. Another example for such a permittivity profile is 

ˆ ε (x, y, z ) = 1 + 

√ 

π e iαx e −
x 2 

a 2 

[
1 + erf 

(
ix 

a 

)]
f(y, z ) , (17) 

where erf stands for the error function, and f is a function such that | f(y, z ) | ≤ b < 1 / 

√ 

π ≈
0 . 564 for some b ∈ R 

+ . Equation ( 17 ) corresponds to setting u( K , y, z ) = a e −a 2 K 

2 / 4 f(y, z ) in Eq.
( 13 ). 

Consider the following choice for the function f appearing in Eqs. ( 15 ) and ( 17 ): 

f(y, z ) := 

{ 

z for | y | ≤ 	 y 
2 and | z | ≤ 	 z 

2 , 

0 otherwise , 
(18) 

where z is a nonzero real or complex number, and 	 y and 	 z are positi v e real parameters. Then
Eqs. ( 15 ) and ( 17 ) correspond to situations where the inhomogeneity of the medium that is
responsible for the scattering of waves is confined to an infinite box with a finite rectangular
base of side lengths 	 y and 	 z . The amplitude of the inhomogeneity decays to zero as | x | → ∞
and we can approximate the box by the finite box gi v en by | x | ≤ 	 x 

2 , | y | ≤ 	 y 
2 , and | z | ≤ 	 z 

2 , where
	 x is a positi v e real parameter much larger than a . Figure 2 provides a schematic demonstration
of this box and plots of real and imaginary parts of ηε inside the box for the permittivity profile
( 15 ) with 

z = 0 . 01 , m = 1 , a = 2 α−1 , 	 y = 3 α−1 , 	 z = 4 α−1 . (19) 

Using these numerical values, we find that | ηε ( x , y , z ) | < 10 

−4 for | x | ≥ 	 x = 10 a . Notice also
that the broadband invisibility of the permittivity profile gi v en by Eqs. ( 15 ) and ( 19 ) for k ≤
α/2 remains intact for all real and complex values of z such that | z | < 1 . 

We close this section by drawing attention to the following points: 

� The hypothesis of Theorem 2 does not prohibit the presence of dispersion, i.e. it also ap-
plies to situations where the relati v e permitti vity and permeability tensors depend on the
7 Requiring 

∫ ∞ 

∞ 

dy | f(y, z ) | 2 < ∞ , we can guarantee the existence of the right-hand side of Eq. ( 13 ) and 

the 2D Fourier transform of ˆ ε − 1 with respect to 

� r . 
8 Because | 1 − ix / a | ≥ 1, Eqs. ( 15 ) and ( 16 ) imply | ηε | = | ε − 1 | ≤ | f | ≤ b . Using this relation together 

with −| ηε | ≤ Re( ηε ) ≤ | ηε | , Re ( ̂  ε ) = 1 + Re (ηε ) , and b < 1, we have 0 < 1 − b ≤ Re ( ̂  ε ) ≤ 1 + b, i.e. Eq. 
( 10 ) holds for m = 1 − b and M = 1 + b . 

5/14 
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Fig. 2. Schematic view of the box confining the inhomogeneous part of the medium gi v en by Eqs. ( 15 ), 
( 18 ), and ( 19 ) (left); plots of the real and imaginary parts of ηε as a function of x inside this box (right). 
Here we use units where α = 1. 
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wavenumber k . If Conditions ( 8 ), ( 10 ), and ( 11 ) hold for all k ≤ α, the first Born approxi-
mation is exact for k ≤ α, and the medium is invisible for k ≤ α/2. 9 For example, the non-
magnetic isotropic media described by Eqs. ( 15 ) and ( 17 ) satisfy these conditions e v en if the
function f has an arbitrary k -dependence. 

� We can a ppl y Theorem 2 also for situations w here, similarl y to the 1D setups considered in
Refs. [ 33–35 ], the regions z ≤ a − and z ≥ a + 

are filled with a homogeneous and isotropic
background medium. In this case we only need to define the incident wavenumber and the
relati v e permitti vity and permeability tensors relati v e to the background medium, i.e. set
k := ω 

√ 

ε B 

μB 

, ˆ ε := ε −1 
B 

ε , and ˆ μ := μ−1 
B 

μ, where ε B 

and μB 

are respecti v ely the permitti vity
and permeability of the background. 

3. Dynamical formulation of electromagnetic scattering 

Consider a time-harmonic electromagnetic wave propagating in a stationary linear medium 

with relati v e permitti vity and permeability tensors ˆ ε and ˆ μ. Then we can express the electric and
magnetic fields of the wave in the form E (r , t) = e −iωt E (r ) / 

√ 

ε 0 and H (r , t) = e −iωt H (r ) / 

√ 

μ0 ,
where ω is the angular frequency of the wave, and E and H are vector-valued functions in terms
of which Maxwell’s equations take the form [ 18 ]: 

∇ × E = ik ̂  μH , ∇ × H = −ik ̂  ε E . (20) 

Suppose that ˆ ε 33 	 = 0 and ˆ μ33 	 = 0 . We can then use Eq. ( 20 ) to express the z component of 
E and H in terms of their x and y components, i.e. E x , E y , H x , and H y . This in turn allows for
reducing Eq. ( 20 ) to a system of first-order equations which we can express in the form of the
time-dependent Schrödinger equation [ 18 ], 

i∂ z � = 

̂ H �, (21) 

where z plays the role of time, � is a 4-component function gi v en by 

� := 

[ 

� E 

� H 

] 

, � E := 

[ 

E x 

E y 

] 

, � H := 

[ 

H x 

H y 

] 

, (22) 

and 

̂ H is a 4 × 4 matrix-valued differential operator. The latter has the form, 

̂ H := 

[ ̂ H 11 ̂ H 12 ̂ H 21 ̂ H 22 

] 

, (23) 
9 This in turn implies that the medium does not scatter incident wave packets that are superpositions of 
plane waves with k ≤ α/2. 

6/14 
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where ̂ H i j are the 2 × 2 matrix-valued operators gi v en by 

̂ H 11 := −i � ∂ 
1 

ˆ ε 33 
� ε T 3 + 

1 

ˆ μ33 

� K H 

� ∂ T σ2 , ̂ H 12 := − i 
k 

� ∂ 
1 

ˆ ε 33 

� ∂ T σ2 + k K H 

, (24) 

̂ H 21 := 

i 
k 

� ∂ 
1 

ˆ μ33 

� ∂ T σ2 − k K E , ̂ H 22 := −i � ∂ 
1 

ˆ μ33 
� μT 

3 + 

1 

ˆ ε 33 

� K E � ∂ T σ2 , (25) 

� ∂ := 

[ 

∂ x 

∂ y 

] 

, σ2 := 

[ 

0 −i 

i 0 

] 

, � ε 	 := 

[ 

ˆ ε 	 1 

ˆ ε 	 2 

] 

, � μ	 := 

[ 

ˆ μ	 1 

ˆ μ	 2 

] 

, (26) 

	 ∈ {1, 2, 3}, a superscript “T ” stands for the transpose of a matrix or a matrix-valued operator,
� ∂ and 

� ∂ T act on all the terms appearing to their right, 10 and 

� K E := 

[ − ˆ ε 23 

ˆ ε 13 

] 

, K E := 

[ −� ε T 2 

� ε T 1 

] 

− 1 

ˆ ε 33 

� K E � ε T 3 , (27) 

� K H 

:= 

[ − ˆ μ23 

ˆ μ13 

] 

, K H 

:= 

[ −� μT 
2 

� μT 
1 

] 

− 1 

ˆ μ33 

� K H 

� μT 
3 . (28) 

The time-dependent Schrödinger Eq. ( 21 ) determines the dynamics of an effecti v e quantum
system. Because z plays the role of time, we view x and y as the configuration- (position-) space
variables, and identify � and ̂

 H respecti v ely with the position wave function for an evolving state
and the position-r epr esenta tion of a time-dependent Hamiltonian opera tor. 11 To make the z -
dependence of the latter explicit, we denote it by 

̂ H (z ) . Employing Dirac’s bracket notation,
we can express the evolving state vector by | �( z ) 〉 . By definition, this solves the Schrödinger
equation, 

i∂ z | �(z ) 〉 = 

̂ H (z ) | �(z ) 〉 . (29) 

We also have �(x, y, z ) = �( � r , z ) = 〈 � r | �(z ) 〉 and ̂

 H �( � r , z ) = 〈 � r | ̂  H (z ) | �(z ) 〉 . We can obtain the
explicit form of the Hamiltonian operator ̂ H (z ) by making the following changes in the expres-
sion for ̂ H : x → 

̂ x , y → ̂

 y , ∂ x → i ̂  p x , and ∂ y → i ̂  p y , where ̂  x and ̂

 y are the x and y components
of the standard position operators, ̂ p x and 

̂ p y are the x and y components of the standard
momentum operators, and we use conventions where � = 1. 

Let us consider the description of the above effective quantum system in the momentum
r epr esentation. Because of our con vention f or the definition of the 2D Fourier transform,
i.e., Eq. ( 9 ), the momentum wave function associated with the state vector | �( z ) 〉 is given by
〈 � p | �(z ) 〉 = (2 π ) −1 ˜ �( � p , z ) . Denoting the 2D Fourier transform and its inv erse respecti v ely by
F and F 

−1 we have ˜ � = F � and � = F 

−1 ˜ �. The momentum r epr esentation of the Hamilto-
nian, which we label by ̂

 ˜ H (z ) , satisfies ̂  ˜ H ( z ) ̃  �( � p , z ) = 2 π 〈 � p | ̂  H ( z ) | �( z ) 〉 . This in turn shows that̂ ˜ H (z ) = F 

̂ H F 

−1 . We can obtain the explicit form of ̂ ˜ H (z ) by making the following changes in
the formula for ̂ H : x → i∂ p x , y → i∂ p y , ∂ x → ip x , ∂ y → ip y . 

If the wave propagates in vacuum, ˆ ε = ˆ μ = I and 

̂ ˜ H (z ) = 

̂ ˜ H 0 , where ̂ ˜ H 0 f( � p ) := 

˜ H 0 ( � p ) f( � p )
and 

˜ H 0 ( � p ) := 

[ 

0 

˜ L 0 ( � p ) 

− ˜ L 0 ( � p ) 0 

] 

, ˜ L 0 ( � p ) := 

1 

k 

[ −p x p y p 

2 
x − k 

2 

−p 

2 
y + k 

2 p x p y 

] 

. (30) 
10 For example, for every test function f, � ∂ 1 
ˆ ε 33 

� ε T 3 f stands for � ∂ 
( 1 

ˆ ε 33 
� ε T 3 f 

)
. 

11 Viewed as an operator acting in the space of 4-component wave functions equipped with the L 

2 - 
inner product, ̂ H is generally non-Hermitian. This makes the corresponding effecti v e quantum system 

nonunity. 
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Because ̂ ˜ H 0 is z -independent, its evolution operator has the form, ̂  ˜ U 0 (z, z 0 ) = e −i(z −z 0 ) ̂
 ˜ H 0 , where

z, z 0 ∈ R and z 0 r epr esents an initial “time.” The d ynamics genera ted by 

̂ ˜ H 0 corresponds to the
propagation of the wave in the absence of interaction with the medium, i.e. ̂  ˜ H 0 plays the role of 
a free Hamiltonian in the momentum representation. This suggests that the information about
the sca ttering ef fects of the medium should be contained in the corresponding interaction-
picture Hamiltonian [ 37 ]. In the momentum-space representation, this has the form ̂ H (z ) := e iz ̂

 ˜ H 0 δ
̂ ˜ H (z ) e −iz ̂  ˜ H 0 , (31) 

where 

δ
̂ ˜ H (z ) := 

̂ ˜ H (z ) − ̂ ˜ H 0 . (32) 

Let C 

m ×n denote the space of m × n complex matrices, F 

4 be the space of 4-component
functions of � p , and F 

4 
k be the subspace of F 

4 consisting of functions f : R 

2 → C 

4 ×1 such that
f( � p ) = 0 for | � p | < k. In Ref. [ 18 ], we introduce the fundamental transfer matrix 

̂ M as a linear
operator acting in F 

4 that is gi v en by ̂ M = ̂

 πk 
̂ U (∞ , −∞ ) ̂  πk , (33) 

where ̂  πk is the projection operator mapping F 

4 onto F 

4 
k according to 

(̂ πk f 
)
( � p ) := 

{ 

f( � p ) for | � p | < k, 

0 for | � p | ≥ k, 
(34) 

and 

̂ U (z, z 0 ) is the interaction-picture evolution operator in the momentum r epr esentation. 12 

Clearl y, ̂ M ma ps F 

4 
k to F 

4 
k . We can use the Dyson series expansion [ 37 ] of ̂ U (z, z 0 ) and Eq. ( 33 )

to express it in the form 

̂ M = ̂

 πk + ̂

 πk 

∞ ∑ 

	 =1 

(−i) 	 
∫ ∞ 

−∞ 

dz 	 

∫ z 	 

−∞ 

dz 	 −1 · · ·
∫ z 2 

−∞ 

dz 1 ̂ H ( z 	 ) ̂ H ( z 	 −1 ) · · · ̂ H ( z 1 ) ̂  πk . (35) 

Notice that if f ∈ F 

4 
k , 

( ̂  M −̂ I ) f = ( ̂  M − ̂ πk ) f, (36) 

where ̂  I is the identity operator for F 

4 
k . 

In order to reveal the relationship between the fundamental transfer matrix and electromag-
netic scattering, we make the following observations: 

(1) In the coordinate system we have chosen, the source of the incident wave and the de-
tectors are placed on the planes z = ±∞ . The detectors reside on both of these planes,
wher eas the sour ce lies on one of them. If the source is on the plane z = −∞ (respecti v ely
z = + ∞ ), we say that the wave is left-incident (respecti v ely right-incident). We can quan-
tify these using the spherical coordinates of the incident wave vector k i which we denote
by ( k , ϑ0 , ϕ 0 ). For a left-incident wave, ϑ 0 ∈ (−π

2 , 
π
2 ) and cos ϑ0 > 0. For a right-incident

wave, ϑ 0 ∈ ( π2 , 
3 π
2 ) and cos ϑ0 < 0. Similarly if we use ( r , ϑ, ϕ) for the spherical coordinate

of the position r of a detector placed at z = + ∞ (respecti v ely z = −∞ ) we have cos ϑ >

0 (respecti v ely cos ϑ < 0). 
12 Note that ̂ U (∞ , −∞ ) coincides with the S matrix of the effecti v e quantum system [ 38 ]. See also Ref. 
[ 39 ]. 
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(2) Let us introduce 

h i := 

1 

k 

k i × e i , � e i := 

[ 

e i x 

e i y 

] 

, � h i := 

[ 

h i x 

h i y 

] 

, ϒi := 

[ 

� e i 
� h i 

] 

, (37) 

� k i := ( k i x , k i y ) , � ( � p ) := 

√ 

k 

2 − | � p | 2 , D k := { � p ∈ R 

2 | | � p | < k } , (38) 

� j ( � p ) := 

1 

2 

[
I + 

(−1) j 

� ( � p ) 
˜ H 0 ( � p ) 

]
= 

1 

2 � ( � p ) 

[ 

� ( � p ) ( −1) j ˜ L 0 ( � p ) 

( −1) j+1 ˜ L 0 ( � p ) � ( � p ) 

] 

, (39) 

where subscripts x and y mark the x and y components of the corresponding vector, and
j ∈ {1, 2} and | � p | 	 = k in Eq. ( 39 ). Then it turns out that [ 18 ]: 

�1 ( � k i ) ϒi = ϒi & �2 ( � k i ) ϒi = 0 for cos ϑ 0 > 0 ( left-incident waves ) , (40) 

�1 ( � k i ) ϒi = 0 & �2 ( � k i ) ϒi = ϒi for cos ϑ 0 < 0 ( right-incident waves ) . (41) 

It is easy to check that for all � p ∈ D k and 	 ∈ C 

4 ×1 , � j ( � p ) 	 is either zero or an eigenvector
of H 0 ( � p ) with eigenvalue ( −1) j � ( � p ) . In view of Eqs. ( 40 ) and ( 41 ), ϒi is an eigenvector
of H 0 ( � k i ) with eigenvalue −� ( � k i ) for a left-incident wave (respectively � ( � k i ) for a right-
incident wave). We can also define a pair of linear projection operators ̂ � j acting in F 

4 
k 

according to 

( ̂  � j f)( � p ) := � j ( � p ) f( � p ) , (42) 

where � p ∈ D k and f ∈ F 

4 
k . These form an orthogonal pair of projection operators, be-

cause ̂ �i ̂  � j = δi j ̂  � j . 
(3) In Ref. [ 40 ] we show that the vector-valued function F that enters the expression ( 2 ) for

the electric field of the scattered wave is given by 

F (k s , k i ) = − ik| cos ϑ | 
2 π


T T ±( � k s ) for ± cos ϑ > 0 , (43) 

where 
T is a 1 × 4 matrix with entries belonging to R 

3 that is gi v en by 


T := 

[ 

e x e y sin θ sin ϕ e z − sin θ cos ϕ e z 
] 

, (44) 

e x , e y , and e z are respecti v ely unit vectors along the x , y , and z axes, T ± ∈ F 

4 
k are the

4-component functions satisfying ̂ �1 T + 

= T + 

, ̂ �2 T − = T −, ̂ �1 T − = 

̂ �2 T + 

= 0 , (45) 

̂ �2 ̂ M T − = −4 π2 ̂ �2 
(̂ M − I 

)
ϒi δ� k i 

, (46) 

T + 

= 

̂ �1 
( ̂ M −̂ I 

)(
T − + 4 π2 ϒi δ� k i 

)
, (47) 

δ� k i 
is the Dirac delta function in two dimensions centered at � k i , i.e. δ� k i 

( � p ) := δ( � p − � k i ) ,

and 

� k s is the projection of k s onto the x - y plane. Note that 

� k i := k sin ϑ 0 ( cos ϕ 0 e x + sin ϕ 0 e y ) , � k s := k sin ϑ ( cos ϕ e x + sin ϕ e y ) . 

Equation ( 47 ) specifies T + 

in terms of ̂ M and T −. Equation ( 46 ) is a linear integral equa-
tion for T −. Dynamical formulation of stationary electromagnetic scattering reduces the scat-
tering problem (finding F ) to the calculation of the fundamental transfer matrix and the
9/14 



PTEP 2024 , 023A03 F. Loran and A. Mostafazadeh 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2024/2/023A03/7571542 by Koc U

niversity SK Library (KO
C

) user on 05 July 2024
solution of Eq. ( 46 ). Substituting the solution of this equation into Eq. ( 47 ) and using Eqs.
( 2 ) and ( 43 ), we obtain the electric field of the scattered wave. References [ 18 , 40 ] offer concrete
applications of this approach in the study of electromagnetic point scatterers and the construc-
tion of isotropic scatterers that display broadband omnidirectional invisibility. 

4. Exactness of the first Born approximation and broadband invisibility 

Theorem 1 provides a necessary and sufficient condition for the exactness of the first Born
approximation in electromagnetic scattering. We will prove Theorem 2 by showing that its hy-
pothesis implies this condition. This r equir es some pr eparation. We begin by introducing some
useful notation: 

� Gi v en a function f : R 

3 → C , ηf stands for f − 1, i.e. ηf ( r ) := f( r ) − 1. 
� For each d ∈ Z 

+ , we use F d to denote the space of functions φ : R 

d → C , and label the
d -dimensional Fourier transform of φ by φ̆. 

� For each α ∈ R , S α := { f ∈ F 1 | f (p) = 0 for p ≤ α} . 
� Gi v en v ∈ F 3 and z ∈ R , we introduce the operator ̂ V (z ) := v ( ̂  x , ̂  y , z ) which acts in the space

of functions of � p := (p x , p y ) according to ( ̂ V ( z ) φ
)
( � p ) = 〈 � p | v ( ̂  x , ̂  y , z ) | φ〉 = 

1 

4 π2 

∫ 

R 

2 
d 

2 q ˜ v ( � p − � q , z ) φ( � q ) , (48) 

where ˜ v := F v , i.e. ˜ v ( � p , z ) := 

∫ 
R 

2 d 

2 r e −i � r ·� p v ( � r , z ) . Note also that because 〈 � p | ̂  x | φ〉 = i∂ p x φ( � p )
and 〈 � p | ̂  y | φ〉 = i∂ p y φ( � p ) , we have ( ̂ V ( z ) φ

)
( � p ) = v (i ∂ p x , i ∂ p y , z ) φ( � p ) . 

� For each k ∈ R 

+ , let ̂  πk : F 2 → F 2 be the operator defined by 

( ̂  πk φ)( � p ) := 

{ 

φ( � p ) for | � p | < k, 

0 for | � p | ≥ k. 
(49) 

The following lemma lists some of the immediate consequences of the definitions of S α and ̂  πk .

Lemma 1. Suppose that α, β ∈ R such that α ≤ β, k ∈ R 

+ , and f , g ∈ F 1 . Then 

(1) S β ⊆ S α. 
(2) ̂ πk f ∈ S −k . 
(3) If k ≤ α and f ∈ S α, ̂  πk f = 0 . 
(4) If f ∈ S α, f g ∈ S α. In particular, if g ∈ S β , f g ∈ S β . 

The following two lemmas re v eal less obvious facts about S α. We gi v e their proofs in Ap-
pendix C of Ref. [ 40 ]. 

Lemma 2. Let α ∈ R and φ1 , φ2 , φ3 ∈ F 1 be such that φ̆1 , φ̆2 ∈ S α and φ3 = φ1 φ2 . Then φ̆3 ∈
S 2 α ⊆ S α. 

Lemma 3. Let α ∈ R and f : R → C be a bounded function w hose r eal par t is bounded belo w by
a positive number, i.e. there are m, M ∈ R such that for all x ∈ R , 0 < m ≤ Re[ f( x )] ≤ | f(x) | ≤ M.
Then there is a sequence of complex numbers { c n } ∞ 

1 such that the series 
∑ ∞ 

n =1 c n η f (x ) n conver g es
absolutely to η1 / f (x ) , so that η1 / f = 

∑ ∞ 

n =1 c n η
n 
f 
. Fur thermor e, if η f , η1 / f ∈ F 1 and η̆ f ∈ S α, we have

η̆1 / f ∈ S α. 
10/14 
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We can use Lemmas 2 and 3 to establish: 

Lemma 4. Let f be as in Lemma 3, g ∈ F 1 , h := g/f, and α ∈ R . Suppose that η̆ f ∈ S α and ğ ∈ S α.
Then h̆ ∈ S α. 

Proof. Lemma 2 implies h = g + 

∑ ∞ 

n =1 c n η
n 
f g . This equation together with Lemma 2 and the

conditions η̆ f ∈ S α and ğ ∈ S α imply h̆ ∈ S α. �

In Appendix B of Ref. [ 17 ], we prove the following lemma. 

Lemma 5. Let φ ∈ F 2 , v ∈ F 3 , z ∈ R , ̂ V (z ) := v ( ̂  x , ̂  y , z ) , ψ ∈ F 2 , and α, β ∈ R . Suppose that for
all p y , z ∈ R , ψ (·, p y ) ∈ S α and ˜ v (·, p y , z ) ∈ S β . Then 

̂ V (z ) ψ ∈ S α+ β . 

Next, we present a variation of Lemma 4 of Appendix B of Ref. [ 17 ], which follows from the
same argument. 

Lemma 6. Let α ∈ R 

+ , β ∈ R , k ∈ (0 , α] , φ ∈ F 2 , and n ∈ Z 

+ , for all i ∈ { 1, 2 , ···, n}, z i ∈ R ,
v i ∈ F 3 , and 

̂ V i (z i ) := v i ( ̂  x , ̂  y , z i ) , for all j ∈ { 0, 1, 2 , ···, n}, ξ j ∈ F 2 and 

̂ ξ j := ξ j ( ̂  p x , ̂  p y ) , and 

φn := 

̂ ξn 
̂ V n ( z n ) ̂  ξn −1 

̂ V n −1 ( z n −1 ) ̂  ξn −2 · · · ̂ ξ1 
̂ V 1 ( z 1 ) ̂  ξ0 ̂  πk φ. 

Suppose that for all p y , z ∈ R and i ∈ { 1, 2 , ···, n}, ˜ v i (·, p y , z ) ∈ S β . Then φn (·, p y ) ∈ S nβ−α. In
particular, ̂ πk ̂  ξn 

̂ V n ( z n ) ̂  ξn −1 
̂ V n −1 ( z n −1 ) ̂  ξn −2 · · · ̂ ξ1 

̂ V 1 ( z 1 ) ̂  ξ0 ̂  πk (50) 

coincides with the zero operator ˆ 0 if β ≥ 2 α
n . 

According to this lemma, setting β = 2 α and β = α we respecti v ely obtain 

̂ πk ̂  ξ1 
̂ V 1 ( z 1 ) ̂  ξ0 ̂  πk = ̂

 0 if ˜ v 1 ( p x , p y , z ) = 0 for p x ≤ 2 α, (51) 

̂ πk ̂  ξ2 
̂ V 2 ( z 2 ) ̂  ξ1 

̂ V 1 ( z 1 ) ̂  ξ0 ̂  πk = ̂

 0 if ˜ v 1 ( p x , p y , z ) = ˜ v 2 (p x , p y , z ) = 0 for p x ≤ α. 

(52) 

Ne xt, we e xamine the oper ator δ̂ ˜ H (z ) of Eq. ( 32 ). Clear ly, δ̂ ˜ H (z ) = F δ̂ H (z ) F 

−1 , where
δ̂ H (z ) := 

̂ H (z ) − ̂ H 0 . The fact that ̂  H 0 is obtained from ̂

 H (z ) by setting ˆ ε = ˆ μ = I together with
Eqs. ( 23 –28 ) show that we can obtain δ̂ H (z ) from the expression for ̂ H (z ) by making the fol-
lowing changes: 

� In Eqs. ( 24 ) and ( 25 ): 1 
ˆ ε 33 

→ η 1 / ̂ ε 33 and 

1 
ˆ μ33 

→ η 1 / ̂  μ33 ; 
� In Eqs. ( 26 –28 ): ˆ ε i j → ηε ,i j and ˆ μi j → ημ,i j , where ηε ,i j := ˆ ε i j − δi j , ημ,i j := ˆ μi j − δi j , and

δij stands for the Kronecker delta symbol. 

Employing this prescription to determine the entries of δ̂ H (z ) and making use of Lemma 6,
we find that whene v er Condition ( 12 ) holds, the Fourier transform with respect to x of all the
functions appearing in the expression for δ̂ H (z ) vanishes for p x ≤ α. Furthermore, we can use
Eq. ( 31 ) to infer that the entries of ̂ H (z 2 ) ̂ H (z 1 ) ̂  πk are sums of terms of the form in Eq. ( 50 ).

This together with Eqs. ( 34 ), ( 49 ), and ( 52 ), and the fact that e ±iz ̂  ˜ H 0 and ̂

 πk comm ute, impl y that
the quadratic and higher-order terms of the Dyson series ( 35 ) vanish. Ther efor e, ̂ M = ̂

 πk − i 
∫ ∞ 

−∞ 

dz ̂  πk 
̂ H (z 1 ) ̂  πk = ̂

 πk − i 
∫ ∞ 

−∞ 

dz e iz ̂
 ˜ H 0 ̂ πk δ

̂ ˜ H (z ) ̂  πk e −iz ̂  ˜ H 0 . (53) 

Substituting the explicit form of δ̂ ˜ H (z ) into 

̂ πk δ
̂ ˜ H (z ) ̂  πk , we find that its entries are sums of 

terms of the form in Eq. ( 50 ) which vanish unless they involve one and only one of ηε ,i j and
11/14 
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ημ,i j . This implies that 

̂ πk δ
̂ ˜ H (z ) ̂  πk = ̂

 πk 

[ ̂ V 11 ̂ V 12 ̂ V 21 ̂ V 22 

] ̂ πk , (54) 

where ̂ V 11 := 

� P δ̂  � ε 
T 
3 + i δ̂ � K H 

� P 

T σ2 , ̂ V 12 := − i 
k 

� P ̂ ηε 33 
� P 

T σ2 + k δ̂ K H 

, (55) 

̂ V 21 := 

i 
k 

� P ̂ ημ33 
� P 

T σ2 − k δ̂ K E , ̂ V 22 := 

� P δ̂ � μ
T 
3 + i δ̂ � K E � P 

T σ2 , (56) 

� P := 

[ 

p x 

p y 

] 

, δ̂  � ε 	 := 

[ ̂ ηε ,	 1 ̂ ηε ,	 2 

] 

, δ̂ � μ	 := 

[ ̂ ημ,	 1 ̂ ημ,	 2 

] 

, (57) 

δ
̂ � K E := 

[ −̂ ηε , 23 ̂ ηε , 13 

] 

, δ̂ K E = 

[ −δ̂  � ε T 

2 

δ̂  � ε T 

1 

] 

, δ
̂ � K H 

:= 

[ −̂ ημ, 23 ̂ ημ, 13 

] 

, (58) 

δ̂ K H 

= 

[ −δ̂ � μ T 

2 

δ̂ � μ T 

1 

] 

, ̂ ηε ,i j := ηε ,i j (i ∂ p x , i ∂ p y , z ) , ̂ ημ,i j := ημ,i j (i ∂ p x , i ∂ p y , z ) , (59) 

and we have also benefitted from Lemmas 3 and 4. 
In view of the argument leading to Eq. ( 53 ), Condition ( 12 ), and the fact that ̂  πk commutes

with 

̂ �2 , we have (̂ M − ̂ πk 
)̂ �2 

(̂ M − ̂ πk 
) = ̂

 0 , (60) 

where ̂  0 is the zero operator acting in F 

4 . This identity allows us to solve Eq. ( 46 ) for T −. To
see this, we use Eqs. ( 36 ) and ( 45 ) to write Eq. ( 46 ) in the form 

T − = −̂ �2 ( ̂  M − ̂ πk )(T − + 4 π2 ϒi δ� k i 
) . (61) 

A ppl ying 

̂ M − ̂ πk to both sides of this equation and making use of Eq. ( 60 ), we obtain ( ̂  M −
 πk ) T − = 0 . Substituting this relation into Eqs. ( 46 ) and ( 61 ), we are led to 

T + 

= 4 π2 ̂ �1 
(̂ M − ̂ πk 

)
ϒi δ� k i 

, (62) 

T − = −4 π2 ̂ �2 
(̂ M − ̂ πk 

)
ϒi δ� k i 

. (63) 

Ne xt, we e xamine the transformation property of T ± under Eq. ( 4 ). In view of Eqs. ( 53 –59 ),
( 62 ), and ( 63 ), the scaling transformation ( 4 ) implies ̂ M − ̂ πk → ς 

(̂ M − ̂ πk 
)

and T ± → ς T ±.
Using this in Eq. ( 43 ), we find that the electric field of the scattered wave ( 2 ) scales as E s → ς E s .
By virtue of Theorem 1, this establishes the exactness of the first Born approximation. 

To arri v e at a direct proof of the exactness of the first Born approximation, we have substi-
tuted Eq. ( 53 ) into Eqs. ( 62 ) and ( 63 ), and used Eqs. ( 2 ), ( 43 ), and ( 55 –59 ) to determine the
explicit form of E s . After lengthy calculations we have shown that the resulting formula for E s 

coincides with the one obtained by performing the first Born a pproximation, namel y the one
gi v en by Eqs. 4.18 and 4.29 of Ref. [ 4 ]. This provides a highly nontrivial check on the validity
of our analysis. 

For incident waves with wavenumber k ≤ α/2, we can use Eq. ( 51 ) to show that ̂  πk δ
̂ ˜ H (z ) ̂  πk = ̂

 0 .
Ther efor e, ̂ M = ̂

 πk , and Eqs. ( 62 ) and ( 63 ) gi v e T ± = 0 . In view of Eqs. ( 2 ) and ( 43 ), this implies
F = E s = 0 which means that the medium does not scatter the wave. Since this result is not
sensiti v e to the direction of the incident wave vector, the medium is omnidirectionally invisible
in the wavenumber spectrum (0, α/2). This extends a result of Ref. [ 40 ] to anisotropic media. 
12/14 
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5. Concluding remarks 
The Born approximation has been an indispensable tool f or perf orming quantum and elec-
tromagnetic scattering calculations since its introduction in 1926 [ 1 ]. It is ther efor e rather sur-
prising that the discovery of conditions for its exactness had to wait until 2019 when such
a condition was found in the context of the dynamical formulation of stationary scattering
for scalar waves in two dimensions [ 14 ]. This condition emerged in an attempt to truncate the
Dyson series for the fundamental matrix. It turned out to allow for an exact solution of the
scattering problem leading to a formula that was identical to the one obtained by the first Born
approximation. The extension of this condition to potential scattering in three dimensions is
r ather str aightforward [ 17 ]. This is by no means true for its generalization to electromagnetic
scattering because of the transverse vectorial nature of electromagnetic waves and tensorial na-
ture of the interaction potentials ηε and ημ. Progress in this direction required the de v elopment
of a d ynamical formula tion of sta tionary electromagnetic sca ttering which was realized quite
recently [ 18 ]. 

The condition for the exactness of the first Born approximation for the scattering of electro-
magnetic waves shares the basic features of the corresponding condition in potential scattering,
and it is quite simple to state and realize. Yet establishing the fact that this condition actually
implies the exactness of the first Born approximation r equir es over coming serious technical
difficulties. 

The discovery of a sufficient condition for the exactness of the first Born approximation may
be viewed as a basic but at the same time formal contribution to the vast subject of scatter-
ing theory. One must howe v er note that systems satisfying this condition are exactly solvable.
Ther efor e, imposing this condition yields a very large class of exactly solvable scattering prob-
lems. As it should be clear from the two examples we have provided in Sect. 2 , it is possible
to satisfy this condition for permittivity and permeability profiles whose expressions involve
arbitrary functions of two of the coordinates, e.g. the function f( y , z ) of Eqs. ( 15 ) and ( 17 ).
In principle, one can choose these functions so that the system has certain desirable scattering
features. Because the formula gi v en by the first Born approximation specifies the scattered wave
in terms of the 3D Fourier transform of the relati v e permitti vity and permeability tensors [ 4 ],
one can determine the specific form of ˆ ε and ˆ μ by performing inverse Fourier transform of the
sca ttering da ta. This corresponds to an electromagnetic analo g of a well-known a pproximate
inverse scattering scheme for scalar waves that relies on the first Born approximation [ 41 , 42 ].
If one manages to enforce the condition we have provided for the exactness of the first Born
approximation, this scheme becomes exact. This suggests that our results may be used to de-
velop a certain exact but conditional inverse scattering scheme. The study of the details and
prospects of this scheme is the subject of a future investigation. 
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